In this article, we compare the bivariate 2 T chart with the ZMAX chart, the |S| chart with the VMAX chart and the joint 2 T and |S| charts with the MCMAX chart. The ZMAX (VMAX) chart is based on a statistic which corresponds to the maximum, in module, between the standardized means (variances) of the two quality characteristics. The MCMAX chart is based on a statistic which corresponds to the maximum among four standardized sample values: the two sample means (in module) and the two sample variances (weighted). The VMAX chart always performs better than the |S| chart; the ZMAX chart is not always better than the 2 T chart. In general, the user prefers to wait until the occurrence of a second point beyond the control limit (not far from the first one) before interfering in the process. With this rule, the MCMAX chart almost ever performs better than the joint 2 T and |S| charts.
Introduction
The control charts are often used to observe whether a process is in control or not. When there is only one quality characteristic Shewhart control charts are usually applied to detect process shifts. The power of the Shewhart control charts lies in its ability to separate the assignable causes of variation from the uncontrollable or inherent causes of variation. Shewhart control charts are relatively easy to construct and to interpret. As a result, they are readily implemented in manufacturing environments.
However, there are many situations in which it is necessary to control two or more related quality characteristics simultaneously. Hotelling (1947) provided the first solution to this problem by suggesting the use of the 2 T statistic for monitoring the mean vector of multivariate processes. Costa and Machado (2007) studied the properties of the synthetic 2 T chart with twostage sampling. Machado and Costa (2008a) considered the use of simultaneous X charts as an alternative to the use of the 2 T chart. Costa and Machado (2008b) considered the use of the double sampling procedure with the chart proposed by Hotelling.
The first multivariate control chart for monitoring the covariance matrix was based on the charting statistic obtained from the generalized likelihood ratio test (ALT, 1985) . For the case of two variables, Alt (1985) proposed the generalized variance statistic Σ S to control the covariance matrix .
Σ
Control charts more efficient than the S chart have been proposed. Recently, Machado (2008, 2008a) , , considered the VMAX statistic to control the covariance matrix of multivariate processes. The points plotted on the VMAX chart correspond to the maximum of the sample variances of the p quality characteristics.
There are quite a few recent papers dealing with the joint control of the mean vector and the covariance matrix of multivariate processes. Khoo (2005) proposed a control chart based on the 2 T and S statistics for monitoring bivariate processes. The speed with which the chart signals changes in the mean vector and/or in the covariance matrix was obtained by simulation. The results are not compelling, once the proposed chart is slow in signaling out-of-control conditions. Zhang and Chang (2008) proposed two EWMA charts based on individual observations that are not only fast in signaling but also very efficient in informing which parameter was affected by the assignable cause; if only the mean vector or only the covariance matrix or both. Chen et al. (2005) proposed a single EWMA chart to control both, the mean vector and the covariance matrix. Their chart is more efficient than the joint 2 T and |S| in signaling small changes in the process.
Assumptions and measure of efficiency
Throughout this article, it is assumed that the control charts are employed to monitor a bivariate process whose quality characteristics of interest (say, X and Y) are normally distributed with the mean vector and the covariance matrix . The process is considered to start with the T and |S| charts and the MCMAX are used to control processes that are subject to assignable causes that change the mean vector from to and/or change the covariance matrix from to without changing the correlation, that is,
The number of samples that are taken from the process until the control chart produces a signal measures the efficiency of a control chart. The expected number of samples taken before the chart signals is called the average run length (ARL). During the in-control period, ARL = 1/α and is called ARL 0 . The risk α is the well known Type I error.
The ZMAX chart
A chart based on the sample means
is considered to control , where X and Y are two quality characteristics and n is the size of the samples. As an alternative to the use of two mean charts we consider a single chart based on the statistic
, shortly ZMAX chart. The power of the ZMAX chart is given by:
In this section we compare the ARL for the ZMAX chart with the ARL for the 2 T chart. In terms of performance, the 2 T chart is highly affected by the correlation ρ , while ρ has a minor influence on the ZMAX chart, see Table 1 . When the correlation is moderate (0.3-0.5) the ZMAX chart has a better overall performance (see ARL values in bold). Table 1 was built fixing n=5 and ARL 0 = 200.0. The conclusions are the same considering another values of n.
The VMAX chart
A chart based on the sample variances and is considered to control . As an alternative to the use of two charts we consider a single chart based on the statistic , shortly VMAX chart.
According to Costa and Machado (2008) , the power of the VMAX chart is given by:
(2)
Recalling that the notation ( ) . We used the subroutine DCSNDF available on the Microsoft Fortran library (1995) to compute the noncentral chi-square distribution function.
In this section we compare the ARL for the VMAX chart with the ARL for the S chart (the generalized variance S chart) proposed by Alt (1985) . When the process is in control, ( )
is distributed as a chi-square with 4 2 − n degrees of freedom.
Consequently, the control limit for the S chart is:
The S chart's performance is independent of ρ , while ρ has some influence on the VMAX chart, see Table 2 . According to Table 3 the VMAX chart is always more effective than the generalized variance S chart in detecting shifts in the covariance matrix. Table 2 was built fixing n=5 and Table 3 was built fixing ρ =0.5. In both tables the ARL 0 = 200.0. 
The MCMAX chart
A chart based on the sample means is considered to control and . As an alternative to the use of two Σ X charts and two charts, we consider a single chart based on the statistic
and . The parameter k is required to attend the imposed condition that, during the in-control period, the four statistics have the same probability to exceed CL, the control limit of the proposed chart. The power of the MCMAX chart is given by:
The sample points plotted on the MCMAX chart correspond to the largest value among . A second sample point beyond the upper control limit and not far than L sampling intervals from the first one triggers the alarm, see Figure 1 . According to this figure, the number of sampling intervals is l=3; consequently, the MCMAX chart signals once l<L. Davis and Woodall (2002) obtained the ARL for the control charts based on the rule of two points in the action region through a Markov chain model. We adopted this approach to obtain the ARL for the MCMAX chart, as follows:
Specify ρ , ARL 0 , n, L, a, b, c and d; With L and ARL 0 find the value of Q 0 that makes
where M is a matrix of zeros except for m 11 = Q 0 ; m 12 = -Q 0 ; m i, i+1 = Q 0 -1, i=1, 2,…,L; and m L+1,1 = Q 0 -1; 1 is an (L+1)× 1 vector of ones; and s 0 is an (L+1)× 1 vector with s 1 =[1+(L-1) Q 0 ] -1 and s j = Q 0 s 1 , j=2,…,L+1. With a=b=1, c=d=0, ρ , n and equation (4) find the value of CL that makes P = 1-Q 0 ;
When the process is out-of-control, the ARL is given by
where M is now a matrix of zeros except for m 11 = Q; m 12 = -Q; m i, i+1 = Q-1, i=1, 2,…,L; and m L+1,1 = Q-1, where Q = 1-P with P given by expression (4). Table 4 shows the influence of the chart's parameter L on its performance. As L increases the speed with which the MCMAX chart signals also increases. The gain in speed is more significant when L increases from 1 to 6. For instance, when a = b = 1 e c = d = 0,5, the ARL reduces 18.0 % (from 21.4 to 17.5). By other hand, as L increases from 6 to 10, the ARL reduces 1.0 % (from 17.5 to 17.3). Tables 5 through 7 present the ARLs of both the MCMAX chart and the joint 2 T and |S| charts. The MCMAX chart is faster in signaling than the joint charts, except when the correlation between X and Y is high. When the correlation is high, the joint charts are, in general, faster in signaling assignable causes that only affect the mean and/or the variability of one of the two quality characteristics. We chose the usual sample size n=5. The conclusions are the same considering another values of n. 7.8 7.3 7.1 7.0 7.0 6.9 6.9 6.9 6.9 0.5 0.5 6. 4.8 4.9 2.9 2.9 2.9 10.6 6.9 6.9 5.1 4.5 4.5 3.0 2.9 2.9 1.9 14.0 11.4 8.2 7.1 6.0 3.8 3.6 3.6 2.1 1.5 1.0 13.1 6.9 5.8 8.3 3.6 3.4 5.3 2.0 2.1 3.3 6.7 5.5 4.9 4.2 4.0 3.6 2.7 2.7 2.6 1.9
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Conclusions
In this article we proposed new charts to control the mean vector and/or the covariance matrix of bivariate processes. The monitoring statistics associated to these charts are based on the sample means and sample variances. As the control chart's users are, in general, more familiar with means and variances, they will have less difficult to deal with the proposed charts if compared with the charts proposed by Hotelling (1947) and Alt (1985) . In terms of efficiency, the VMAX chart always performs better than the |S| chart. With the rule of the two points beyond the control limit, the MCMAX chart almost ever performs better than the joint 2 T and |S| charts.
